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Estimates for elliptic flow in collisions of polarized light nuclei with spin j ≥ 1 with a heavy
nucleus are presented. In such collisions the azimuthal symmetry is broken via polarization of the
wave function of the light nucleus, resulting in nonzero one-body elliptic flow coefficient evaluated
relative to the polarization axis. Our estimates involve experimentally well known features of light
nuclei, such as their quadrupole moment and the charge radius, yielding the one-body elliptic flow
coefficient in the range from 1% for collisions with the deuteron to 5% for for collisions with 10B
nucleus. Prospects of addressing the issue in the upcoming fixed-target experiment at the Large
Hadron Collider are discussed.
I. INTRODUCTION
In a recent Letter [1] we proposed a novel way to probe
the collective flow formation in ultra-relativistic collisions
of polarized deuterons with heavy nuclei, based on the
measurement of the elliptic flow with respect to a fixed
deuteron polarization axis. In the present paper we fur-
ther explore this idea and extend the method to other
light nuclei of spin j ≥ 1. We argue that nuclei with a
large ratio of the quadrupole moment to the ms radius,
including 7Li, 9Be, or 10B, are very well suited for such
studies.
The purpose of carrying out this sort of analyses is
to better understand the mechanisms standing behind
collectivity in the so-called heavy-light systems, where
the created fireball is relatively small. Polarized light
targets offer a unique opportunity to control the direction
of the orientation of the formed fireball, thus providing
an important methodological advantage explored in this
paper: the elliptic flow coefficient can be measured as a
one-body observable, relative to the polarization axis.
The unexpected discovery of the near-side ridge in two-
particle correlations in relative azimuth and pseudorapid-
ity in p+A [2–4], d+A [5], 3He-A [6], and even in p+p
collisions of highest multiplicities [7], led to serious pro-
posals that the collective behavior in small systems may
have the same origin as in large fireballs formed in A-A
collisions based on hydrodynamic or transport evolution.
As a mater of fact, the early hydrodynamic predictions
the elliptic and triangular flow in p+A and d+A colli-
sions [8] were confirmed by later experiments [2–6] to a
good accuracy.
The key mechanism of the collective picture is the
alleged copious rescattering in the fireball, which leads
event by event to a transmutation of its azimuthal de-
formation into harmonic flow of the produced hadrons.
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Early studies of collectivity in small systems were carried
out in [8–12], followed by investigations of triangularity
in 3He-A collisions [13–15], or studies of the α clusteri-
zation effects in 12C-A collisions [16–19] and other light
clustered nuclei [20–22].
The key argument speaking for the collective expan-
sion in the evolution is the link between the deformation
of the fireball and the harmonic flow of the produced
hadrons. This deformation originates from two phenom-
ena: random fluctuations and the “geometry”. Whereas
in p+A the deformation comes from fluctuations only, in
d+A collisions [8] the ellipticity of the fireball is geomet-
rically induced by the configurations of the nucleons in
the deuteron, controlled by its wave function. This ge-
ometric effect is dominant over the fluctuations. In this
picture, the high multiplicity events correspond to con-
figurations where the deuteron is intrinsically oriented in
the transverse plane, when its two nucleons are trans-
versely well separated. This yields a large number of
participant nucleons from the other nucleus, and simul-
taneously a large elliptic deformation [8]. A generaliza-
tion of this argument holds also for the case of triangular
deformation in 3He [13, 14, 16]. The experimental anal-
ysis carried out by the PHENIX Collaboration confirms
this scenario in the found hierarchy of the elliptic and
triangular flows measured in p+Au, d+Au, and 3He+Au
collisions [5, 6, 23], in support of the outlined mechanism
of collectivity formation.
An entirely different point of view on the small systems
is promoted in the studies within the Color Glass Con-
densate (CGC) theory (for reviews and references see,
e.g., [24, 25]). There, the correlations are dominantly
generated in the earliest phase of the collision via the
coherent gluon production [26–29]. In the case of d+A
collisions, one would then expect that configurations cor-
responding to highest multiplicity events have color do-
mains localized in the transverse plane around the two
largely separated nucleons from the deuteron. Since these
two color domains would contribute independently, form-
ing a “double” p+A collision, the elliptic flow in d+A
would be smaller than in p+A collisions, unlike in the
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2FIG. 1. A cartoon of the ultra-relativistic collision of a heavy
nucleus on a polarized deuteron target. The deuteron is po-
larized along the direction ΦP perpendicular to the beam axis
and has the angular momentum projection j3 = ±1 (panel a)
or j3 = 0 (panel b). The orientation of the created fireball
reflects the deformation of the polarized deuteron distribu-
tion, which is prolate in (a) and oblate in (b). The shape-flow
transmutation during the collective evolution yields to the el-
liptic flow coefficient v2{ΦP } with the signs as given in the
figure.
experiment. The argument outlined above, however, was
recently circumvented in [30–32], where contrary to naive
expectations the highest multiplicity events in CGC cor-
respond to configurations where the nucleons from the
deuteron are one behind the other, which leads to larger
saturation scales. See also the discussion in [33].
The method and the experimental proposal proposed
in [1] and further corroborated here allows us to control,
to some extent, the orientation of the small nucleus, and
thus the orientation of the fireball. It may thus help,
by constraining the geometry, to resolve the fundamen-
tal question if the angular correlations in small systems
originate from the early stage dynamics of glue or from
the later interactions in the fireball.
II. BASIC IDEA
Several light nuclei, such as the deuteron, 7Li, 9Be, or
10B, possess angular momentum j, hence the states of
good j3 have non-zero magnetic moment and can be po-
larized. When the corresponding wave function contains
orbital angular momentum components with orbital an-
gular momentum L > 0 , the distribution of the nucleons
in states of good j3 is not spherically symmetric. Thus
polarization controls to some degree the “shape” of the
nuclear distribution in the collision.
The case of the deuteron is presented in Fig. 1. The
polarization axis, denoted as ΦP (which is the angu-
lar momentum quantization axis in the deuteron’s rest
frame), is chosen perpendicular to the beam. The sit-
uation from panel (a) correspond to the deuteron with
angular momentum projection j3 = ±1, which leads to
a prolate probability distribution of the nucleons in the
deuteron, as well as, correspondingly, to a prolate fire-
ball stretched along ΦP . If the collectivity mechanism is
based on the shape-flow transmutation, then the result-
FIG. 2. Same as in Fig. 1, but for the case of unpolarized
deuteron
ing elliptic flow coefficient evaluated in reference to ΦP
(defined in Sec. III) is negative, v2{ΦP } < 0. Contrary,
for j3 = 0 shown in panel (b), we find an oblate shape
and v2{ΦP } > 0.
For the case of the unpolarized deuteron (Fig. 2) the
distribution of the nucleons in the deuteron and, con-
sequently, the shape of the formed fireball is (up to
fluctuations) azimuthally symmetric, hence for any fixed
axis ΦP the one-body flow coefficient averages to zero,
v2{ΦP } = 0.
III. ELLIPTICITY WITH RESPECT TO THE
POLARIZATION AXIS
A. Generic definition of eccentricity
Let us define in the usual way the eccentricity vector of
rank n for a general distribution of sources in the trans-
verse plane in a given event, f(~ρ), as
~n = (
x
n, 
y
n), 
x
n + i
y
n = −
∫
d2ρ einαρ2f(~ρ)∫
d2ρ ρ2f(~ρ)
. (1)
Here ρ =
√
x2 + y2 is the transverse coordinate and
α = arctan(y/x) is the azimuth. The overall sign is con-
ventional and chosen in such a way that the signs of the
eccentricity of the initial fireball and the corresponding
harmonic flow coefficient, vn, are the same. It is under-
stood that the calculation is made in the center-of-mass
frame, where
∫
d2ρ ~ρf(~ρ) = 0,
Assuming a reference system where the polarization
axis ΦP is along the x axis (cf. Fig. 1), we need the
projection of ellipticity on ΦP , i.e., the x component of
Eq. (1),
x2 = −
∫
d2ρ (x2 − y2)f(~ρ)∫
d2ρ (x2 + y2)f(~ρ)
. (2)
Taking for simplicity point-like sources, in which case
f(~ρ) =
∑
i δ(xi−x)δ(yi−y), we can write (in each event)
x2 = −
∑N
i=1(x
2
i − y2i )∑N
i=1(x
2
i + y
2
i )
, (3)
where N is the number of sources. Next, we need to
average Eq. (3) over events, denoted with brackets, 〈.〉,
3to get the ellipticity of the fireball with respect to the
polarization axis ΦP ,
2{ΦP } ≡ −
〈∑N
i=1(x
2
i − y2i )∑N
i=1(x
2
i + y
2
i )
〉
. (4)
This is how the ellipticity is evaluated, in particular, in
Monte Carlo simulations.
When the number of sources is large, one may approx-
imate the average of ratios by the ratio of the averages
as follows,
2{ΦP } = −
〈∑N
i=1(x
2
i − y2i )
〉
〈∑N
i=1(x
2
i + y
2
i )
〉 +O( 1N )
= −
〈
x2 − y2〉
〈x2 + y2〉 +O(
1
N ). (5)
This expression will be useful for the estimates made in
the following sections.
B. From ellipticity of the nuclear distribution to
ellipticity of the fireball
In a collision of a light projectile on a heavy tar-
get all the nucleons from the projectile participate in
the collision, except for very peripheral collisions. In
the Glauber model, for central (high multiplicity) events
in a light-heavy collisions system one selects exclusively
events where all the nucleons from the small projectile
participate. The impact of the deformed nucleon distri-
bution in the small projectile on the large uniform density
of the target creates a fireball with a similar deformation
[8]. To get a first estimate of the size of the deformation
in the whole fireball one can calculate the ellipticity us-
ing the positions of the positions of nucleons in the small
projectile. With Reid93 deuteron wave functions Eq. (4)
yields

|Ψ|2j3=0
2 {ΦP } ' 0.14 , 
|Ψ|2j3=1
2 {ΦP } ' −0.07 . (6)
The washing out of the distribution of the nucleons in the
deuteron by the wounded nucleons from Pb is illustrated
in Fig. 3. Additional participants from the large nucleus
reduce slightly the elliptic deformation.
We may estimate the size magnitude of the washing-
out effect from the knowledge of the wounding distance
between the nucleons. A nucleon from one projectile in-
teracts with a nucleon from the other projectile when
their impact factor ~b is sufficiently small. The collision
occurs with the probability Pin(b), with
∫
d2b Pin(b) = σin,
the NN inelastic cross section. We may thus consider
overlaying the distribution of ~b over the positions of the
nucleons from the lighter projectile. Then (for central
collisions) the dispersions of the distributions are changed
into 〈x2〉 → 〈x2〉 + 〈b2〉/2, 〈y2〉 → 〈y2〉 + 〈b2〉/2. As a
result, the numerator of Eq. (5) is unchanged, whereas
4fm
FIG. 3. A transverse section through the fireball formed a
sample d+Pb event in the Glauber Monte Carlo simulation.
The dark disks indicate the transverse positions of the nu-
cleons in the deuteron, and the light disks are the wounded
nucleons from Pb, which quench the ellipticity. Note the typ-
ical large separation between the nucleons in the deuteron,
corresponding to the large deuteron size. The outer circle
indicates the size of Pb nucleus.
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FIG. 4. The dispersion parameter 〈b2〉 due to interactions of
the light nucleus with the large nucleus, plotted as a function
of the collision energy.
the denominator is increased by 〈b2〉. In consequence,
the quenching factor between the ellipticity of the light
projectile distribution, 
|Ψ|2
2 {ΦP }, and the ellipticity of
the fireball, 2{ΦP }, is approximately
2{ΦP } '
2
3 〈r2〉
2
3 〈r2〉+ 〈b2〉

|Ψ|2
2 {ΦP }, (7)
where 〈r2〉 is the mean squared radius of the light nucleus.
The value of 〈b2〉 as a function of the collision energy,
obtained from the Gamma wounding profile [34], which
realistically describes the pp collision data, is shown in
Fig. 4. Then, for the light nuclei displayed in Table I,
the quenching factor for the ellipticity is 70-80%.
C. Elliptic flow
The harmonic flow vector determined from the one-
body azimuthal distribution of particle momenta in a
4single event, dN ev/dφ, is
~vn = v
x
n + iv
y
n =
∫
dφeinφ dN
ev
dφ∫
dφdN
ev
dφ
, (8)
where n indicates the Fourier rank. To an approximation
sufficiently good for our rough estimates, the eccentricity
and flow vectors are proportional to each other event by
event for n = 2 and 3. In particular, for the needed n = 2
case (ellipticity)
~v2 ' k~2. (9)
For the considered small systems and energies, the re-
sponse coefficient is approximately k ∼ 0.2 [13].
Correspondingly, v2{ΦP } can be determined using the
one-particle distributions, since
dN
dφ
∝ 1 + 2v2{ΦP } cos [2(φ− ΦP )] + . . . , (10)
with ΦP fixed and known. As discussed in a greater detail
in [1], this one-body definition has important advantages
over the statistical methods needed to extract various
flow coefficients from correlation measurements, where
non-flow effects pose a limit to the sensitivity of flow
measurements at low multiplicites [35].
D. Imperfect polarization
Experimental realizations of our proposal need to uti-
lize polarized targets, where polarization is never per-
fect [36, 37]. For particles with j = 1, the tensor polar-
ization, relevant for the case of the deuteron, is defined
as
Pzz = n(1) + n(−1)− 2n(0), (11)
where n(j3) is the fraction of states with angular momen-
tum projection j3. Since for j3 = 0 the magnitude of the
eccentricity of the fireball is about twice as large as for
j3 = ±1, the estimated elliptic flow with respect to the
polarization axis ΦP for partially polarized j = 1 targets
is
v2{ΦP } ' k j3=±12 {ΦP }Pzz. (12)
For the deuteron, the experimentally accessible polariza-
tion is −1.5 . Pzz . 0.7 [38, 39]. Similar formulas can
be provided for higher spin states.
IV. ESTIMATE OF ELLIPTICITY OF
NUCLEAR DISTRIBUTIONS FROM THE
QUADRUPOLE MOMENT
In this Section we show that the ellipticity of the nu-
clear distribution may be effectively estimated from the
nuclear quadrupole moment Q2 and the mean squared
charge radius of the nucleus, which are experimentally
well known quantities. This is convenient from a practi-
cal point of view, as there is no need for numerical sim-
ulations to get a rough estimate of v2{Φp}.
We use Eq. (5) as the staring point. Electromagnetic
scattering probes the distributions of charge only, hence
we have access to moments of the distribution of protons
and not all the nucleons, as needed for Eq. (5). However,
for the purpose of our rough estimate we may assume that
these distributions are close to each other. As a matter
of fact, for the case of the deuteron they are trivially
exactly the same, as ~r1 = −~r2. For other light nuclei
there is admittedly some departure between the proton
and neutron densities. The estimate of the difference in
the ms radius 〈r2〉 between neutrons and protons due to
the neutron skin effect is less than 5% in 208Pb [40]. The
effect on the ratio in Eq. (4) is probably smaller.
The charge ms radius is defined as
〈r2〉ch = 1
Z
Z∑
i=1
〈r2i 〉ch =
1
Z
Z∑
i=1
〈x2i + y2i + z2i 〉ch. (13)
Since the distributions are axially symmetric about the
x axis (the polarization axis), we can write
〈r2〉ch = 〈x2 + 2y2〉ch. (14)
For strong interactions, pertinent to our study, we need
to unfold the proton size effect, which leads to the ms
radius of the distribution of the centers of nucleons,
〈x2〉 = 〈x2〉ch − 13 〈r2〉p,
〈y2〉 = 〈y2〉ch − 13 〈r2〉p,
〈r2〉 = 〈r2〉ch − 〈r2〉p (15)
The electric quadrupole moment is defined as
Q2 =
Z∑
i=1
〈
3x2i − r2i
〉
(16)
(note the summation and not averaging over the charges).
With the above-mentioned symmetry
Q2 = 2Z〈x2 − y2〉ch. (17)
Note that this quantity is not altered by the proton elec-
tromagnetic size unfolding.
Relations (14) and (17) allow us to estimate the ellip-
ticity of the nuclear distribution of Eq. (5) as

|Ψ|2
2 {ΦP } = −
〈x2 − y2〉
〈 23 (x2 + 2y2) + 13 (x2 − y2)〉
' − 3Q2
4Z〈r2〉 ,
(18)
where we keep only the leading term in Q2.
Definition (16) is equivalent in a standard way to
Q2 = 〈r2
√
16pi
5 Y20(Ω)〉, (19)
5TABLE I. Experimental values of the nuclear rms radii
〈r2〉1/2ch [41], electric quadrupole moments Q2 [42] (see
also [43]), and the resulting estimate for the ellipticity of
the nuclear distribution from Eq. (18) and its leading term
−3Q2/4Z〈r2〉.
j j3 〈r2〉1/2ch [fm] Q2 [fm2] − 3Q24Z〈r2〉 [%]
d 1 ±1 2.1421(88) 0.2860(15) −5.6
0 ×(−2) ×(−2)
7Li 3
2
± 3
2
2.444(42) −4.03(4) 19
± 1
2
×(−1) ×(−1)
9Be 3
2
± 3
2
2.519(12) 5.29(4) −17
± 1
2
×(−1) ×(−1)
10B ±3 ±3 2.428(50) 8.47(6) −25
±2 ×0 0
±1 ×(−3/5) ×(−3/5)
0 ×(−4/5) ×(−4/5)
where Ylm(Ω) denotes the spherical harmonic function.
From the Wigner-Eckart theorem (Qˆ20 = r
2
√
16pi
5 Y20(Ω)
is a rank-2 tensor) one has
〈jj3|Qˆ20|jj3〉 = 〈jj320|jj3〉〈j||Qˆ2||j〉, (20)
which relates the values of the quadrupole moment for
various j3 states by the Clebsch-Gordan coefficients (ex-
perimentally, the quoted values forQ2 correspond by con-
vention to the highest spin state, j3 = j). Moreover, the
lowest possible j to support nonzero Q2 is 1. Therefore,
the effect discussed in this paper is absent for instance
for 3He or tritium, where j = 12 .
The estimates for 
|Ψ|2
2 {ΦP } following from Eq. (18) for
several light nuclei are collected in Table I. We note that
the expected size of the effect for 7Li, 9Be or 10B is of the
order of 20%, significantly larger that for the deuteron
(for which the use of the estimate is somewhat abusive
in view of the discussion at the end of Sect. III A, never-
theless the values are not far from more precise numbers
of Eq. (6)).
Joining Eqs. (7,9,18) we find the combined estimate for
the elliptic flow coefficient evaluated with respect to the
polarization axis
v2{ΦP } ' −k 3Q2
4Z(〈r2〉+ 32 〈b2〉)
3j23 − j(j + 1)
j(2j − 1) , (21)
where we include the explicit Clebsch-Gordan coefficients
from Eq. (20). The formula holds for perfectly polarized
light nuclei, central collisions with sufficiently large num-
ber of sources, and j ≥ 1.
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FIG. 5. Ellipticities evaluated in reference to the fixed polar-
ization axis, 2{ΦP }, of the fireball formed in Pb collisions on
a polarized deuteron at the collision energy
√
sNN = 72 GeV.
The lower coordinate axis gives the centrality as defined via
the initial entropy S. The top coordinate axis is labeled with
the corresponding number of the wounded nucleons.
V. GLAUBER SIMULATIONS OF ELLIPTICITY
In the present study we use the wounded nucleon
model [44] with a binary component [45], as implemented
in GLISSANDO [46, 47]. The initial entropy is proportional
to S = const (NW/2 + aNbin), where NW and Nbin de-
note the numbers of the wounded nucleons and binary
collisions, respectively, and a = 0.145 for the considered
collision energy. The entropy produced at the NN col-
lision point in the transverse plane is smeared with a
Gaussian of width 0.4 fm, as is typically done for the
initialization of the hydrodynamic studies.
Our results for 2{ΦP } of the fireball created in colli-
sions of Pb on a polarized deuteron target are shown in
Fig. 5. We have chosen the collision energy of
√
sNN =
72 GeV, which is planned for the future fixed target ex-
periments at the LHC. We plot 2{ΦP } as a function of
the centrality of the collision defined via quantiles of the
distribution of the initial entropy S. For the reader’s
convenience, we also give the corresponding number of
the the wounded nucleons, NW, along the top coordinate
axis. For the most central collisions, the ellipticities of
the fireball are about ∼ 50% smaller compared to the el-
lipticities of the distributions of the polarized deuteron.
This reduction is caused by the contribution from the
Pb nucleons, whose positions fluctuate randomly. From
geometric arguments, the magnitude of 2{ΦP } drops to
zero for peripheral collisions. We note that the relation∑
j3
j32 {ΦP } ' 0 is satisfied numerically, in agreement
to the corresponding relation for the eccentricities of the
deuteron nuclear distributions.
The size of 2{ΦP } is at the level of a few percent.
Using Eq. (12) and the range of Pzz for the deuteron
yields the estimate for the flow coefficient in most central
6 }PΦ{2∈
1− 0.8− 0.6− 0.4− 0.2− 0 0.2 0.4 0.6 0.8 1
)} P
Φ{ 2
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0.8
1
=0
3
j
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3
j
=72GeV, c=0-10%NNs, 
↑Pb + d208 
FIG. 6. Distribution of ellipticity 2{ΦP } of the fireball
formed in Pb collisions on a polarized deuteron at
√
sNN =
72 GeV and centrality c = 0− 10%.
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FIG. 7. Same as in Fig. 5 but for the participant-plane el-
lipticity 2. It is dominated by fluctuations and the relative
splitting effect between the j3 = 0 and j3 = ±1 cases is small.
collisions as
−0.5% . v2{ΦP } . 1%. (22)
As this quantity is measured in reference to the zero re-
sult (which would be the case in the absence of polariza-
tion or collective evolution), it should be easily accessible
to future experiments at the typical statistics accumu-
lated in heavy-ion collisions.
The event-by-event distribution of 2{ΦP } for the most
central collisions (c = 0− 10%) is provided in Fig. 6. We
note a visible shift of the distribution towards positive
values for the j3 = 0 polarization, and in the opposite
direction for j3 = ±1, which corresponds to the mean
values plotted in Fig. 5.
In Fig. 7 we show, by contrast to Fig. 5, the
participant-plane ellipticity 2 = |~2|. We note that
the relative difference between the j3 = 0 and j3 = ±1
centrality 
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} P
Φ{ 2
∈
0.1−
0.05−
0
0.05
0.1
=1/2
3
j
=3/2
3
j
=72GeVNNs, 
↑Be9Pb +  208 
23456781020304050 WN
FIG. 8. Same as in Fig. 5 but for Pb collisions on polarized
9Be target.
cases is tiny, making the possible experimental resolution
between the two polarizations very difficult when using
standard two-particle correlation measures for v2.
Finally, in Fig. 8 we present an analogous study to
Fig. 5 but for Pb collisions on a polarized 9Be target.
We expect, according to the estimates from Table I a
larger effect than for the deuteron, which is indeed the
case. Here the GLISSANDO simulations use the clustered
9Be distributions as described in [20].
VI. EXPERIMENTAL PROSPECTS AND
FURTHER OUTLOOK
Future fixed target experiments at the LHC (AF-
TER@LHC), and in particular SMOG2@LHCb) [48, 49],
plan to study collisions of a 2.76A TeV Pb beam on
a fixed target. This collision energy corresponds to√
sNN = 72 GeV, which falls between CERN SPS and
top BNL RHIC energies. The rapidity coverage of a fixed
target experiment is shifted, as yCM = 0 corresponds to
ylab = 4.3. As the LHCb detector has the pseudorapidity
coverage 2 < η < 5, in the NN CM frame of a fixed target
experiment it would correspond to −2.3 < η < 0.7, which
is the midrapidity region intensely studied in other ultra-
relativistic collisions up to now. There are possibilities of
using polarized targets through available standard tech-
nology and, hopefully, such efforts will be undertaken.
We note that the effect of non-zero elliptic flow eval-
uated in reference to the polarization axis occurs for
nuclei with angular momentum j ≥ 1, and can be es-
timated based on their ms radius and quadrupole mo-
ments. As shown in this work, other nuclei in addition
to the deuteron, such as 7Li, 9Be, or 10B, are even bet-
ter for such studies. If the effect is indeed confirmed, it
would make another strong case for a late stage gener-
ation of collectivity seen in light-heavy ultra-relativistic
nuclear collisions.
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FIG. 9. Radial wave functions of the S-wave, U(r), and D-
wave, V (r), components of the deuteron, multiplied by the
relative radius r, taken from the parametrization provided
in [50] for Reid93 nucleon-nucleon potential.
Other opportunities emerging in collision with light po-
larized targets are worth mentioning, such as studies of
hard probes (jets, photons, heavy flavor mesons) relative
to the polarization axis ΦP , or interferometry correla-
tions defined relative to ΦP .
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Appendix A: The deuteron wave function
In this Appendix we give for completeness the standard
features of the deuteron wave function. In the ground
state, the deuteron has jP = 1+ quantum numbers, with
a dominant 3S1-wave contribution and a small
3D1-wave
admixture. The state with j3 projection of the total an-
gular momentum j is
|Ψ(r; j3)〉 = U(r)|j = 1, j3, L = 0, S = 1〉
+ V (r)|j = 1, j3, L = 2, S = 1〉, (A1)
where r in the relative radial coordinate of the p-n separa-
tion, and U(r) and V (r) denote the S- and D-wave radial
wave functions, respectively. The Clebsch-Gordan de-
composition into the orbital momentum and spin states,
|LL3〉|SS3〉, yields
|Ψ(r; 1)〉 = U(r)|00〉|11〉 (A2)
+ V (r)
[√
3
5 |22〉|1−1〉 −
√
3
10 |21〉|10〉+
√
1
10 |20〉|11〉
]
,
|Ψ(r; 0)〉 = U(r)|00〉|10〉
+ V (r)
[√
3
10 |21〉|1−1〉 −
√
2
5 |20〉|10〉+
√
3
10 |2−1〉|11〉
]
.
Orthonormality of the spin components gives immedi-
ately the probability distributions
|Ψ(r, θ, φ;±1)|2 = 1
16pi
[
4U(r)2− (A3)
2
√
2
(
1− 3 cos2(θ))U(r)V (r) + (5− 3 cos2(θ))V (r)2] ,
|Ψ(r, θ, φ; 0)|2 = 1
8pi
[
2U(r)2+
2
√
2
(
1− 3 cos2(θ))U(r)V (r) + (1 + 3 cos2(θ))V (r)2] ,
with
∑
j3
|Ψ(r, θ, φ; j3)|2 = 34pi [U(r)2 + V (r)2]. We use
the normalization
∫
r2dr(U(r)2 + V (r)2) = 1.
Several features are worth stressing. First, because
V (r)2  U(r)2, the terms proportional to U(r)V (r) in
Eq. (A3) stemming from the interference term of the spin
|11〉 components in Eq. (A2), are responsible for a signif-
icant polar angle dependence, whereas the terms propor-
tional to V (r)2 are negligible. Second, the distributions
are oblate for j3 = 0 and prolate for j3 = ±1 (cf. Fig. 1).
Numerous parameterizations of the deuteron wave
functions are available in the literature [50], leading to
similar results. For the estimates provided in Sec. IV we
use the deuteron wave functions from Reid93 nucleon-
nucleon potential, presented in Fig. 9. In Reid93
parametrization, the weight of the D-wave component
is
∫∞
0
V (r)2r2dr = 5.7%, clearly showing the strong S-
wave dominance.
Appendix B: Ellipticity of the deuteron distribution
We apply the generic definition of ellipticity from
Eq. (4) to the distribution of nucleons in the projectile
deuteron. Passing to relative spherical coordinates, we
find

|Ψ|2j3
2 {ΦP } =
∫ ∞
0
r2dr
∫
dΩ |Ψ(r, θ, φ; j3)|2
× cos
2 θ − sin2 θ cos2 φ
cos2 θ − sin2 θ cos2 φ, (B1)
which upon explicit evaluation with the wave functions
(A3) yields

|Ψ|2j3=0
2 {ΦP } =
1
4
∫
r2dr
[
2
√
2U(r)V (r)− V (r)2
]
,

|Ψ|2j3=1
2 {ΦP } = −
1
2

|Ψ|2j3=0
2 {ΦP }. (B2)
With Reid93 wave functions we find the numbers listed
in Eq. (6). We note that the mixing term, contain-
ing U(r)V (r), largely dominates over the V (r)2 term in
Eq. (B2). Obviously, with unpolarized wave function the
ellipticity vanishes, as
∑
j3=0,±1 
|Ψ|2j3
2 {ΦP } = 0.
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